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DISTAL STRONGLY ERGODIC ACTIONS
ELI GLASNER AND BENJAMIN WEISS
Abstract. We show the existence of an action of the free group on three generators
F3 on a compact metric space X, admitting an invariant probability measure µ,
such that the resulting dynamical system (X,µ, F3) is distal, not equicontinuous,
and strongly ergodic.
This note answers a question raised in an after dinner conversation during the
conference entitled “Structure and Geometry of Polish groups” (17w5094) held in
Oaxaca, Mexico June 11 to 16, 2017. The participants in this conversation were :
Eli Glasner, Toma´s Ibarluc´ıa, Franc¸ois Le Maitre, Todor Tsankov and Robin Tucker-
Drob. The first named author thanks BIRS and the organizers for the invitation to
participate in this very successful conference. We thank Alex Lubotzky for calling
the work [2] to our attention.
Let S be a set of elements in SL2(Z). If 〈S〉, the group generated by S, is a finite
index subgroup of SL2(Z), Selberg’s theorem [3] implies (see e.g. [1, Th. 4.3.2])
that G(SL2(Zp), Sp), the Cayley graphs of SL2(Zp) with respect to Sp, the natural
projection of S modulo p, form a family of expanders as p→∞.
The following theorem is due to Bourgain and Gamburd [2, Theorem 1].
0.1. Theorem. Let S be a set of elements in SL2(Z). Then the G(SL2(Zp), Sp)
form a family of expanders if and only if 〈S〉 is non-elementary, i.e. the limit set of
〈S〉 consists of more than two points (equivalently, 〈S〉 does not contain a solvable
subgroup of finite index).
Recall that a probability measure preserving action (X,X, µ,G) is said to have
the spectral gap property if the corresponding Koopman representation pi on L20(X,µ)
does not have almost invariant vectors, that is, if there is no sequence of unit vectors
ξn in L
2
0(X,µ) such that
lim ‖pi(g)ξn − ξn‖ = 0, ∀g ∈ G.
The action is called strongly ergodic if there is no sequence of sets An ∈ X with
µ(An) = 1/2,∀n ∈ N such that
limµ(gAn4 An) = 0, ∀g ∈ G.
It is not hard to see that the spectral gap property implies strong ergodicity.
We want to find compact metrizable groups K and L with the following properties:
• K contains three elements a, b and c such that the subgroup Λ = 〈a, b, c〉
generated by them is free and dense in K, Λ = K.
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• The subgroup Λ0 = 〈a, b〉 < Λ is also dense in K, K = Λ0.
• L contains two elements f, g such that the subgroup Σ = 〈f, g〉 generated by
them is free and dense in L, L = Σ.
Moreover, denoting by F2, F3 the free groups on two and three generators respec-
tively, all of the following actions (under left multiplication and with respect to the
corresponding Haar measures) are strongly ergodic:
(1) the action of F3 via Λ on K,
(2) the action of F2 via Λ0 on K,
(3) the action of F2 via Σ on L,
(4) the diagonal action of F2 via 〈(a, f), (b, g)〉 on K × L.
Here is a construction of such groups.
Let x = ( 1 20 1 ) and y = (
1 0
2 1 ) be two elementary matrices generating a free group,
which we call H, in SL2(Z) (it is actually of finite index). Let a = x2 = ( 1 04 1 )
and b = y2 = ( 1 40 1 ), and let c be another element in H which together with a and
b generate a free group on 3 generators (such an element clearly exists as a and b
generate a subgroup of infinite index in H). Now set
K =
∏
{Λp : p prime, and p ≡ 1 (mod 4)}
and
L =
∏
{Λp : p prime, and p ≡ 3 (mod 4)}.
As explained in [2] (see the remark on page 628 and Propositions 4 and 6) for suffi-
ciently large p, the image of S0 = {a, b} (and a fortiori that of the set S = {a, b, c})
in SL2(Zp) ∼= SL2(Z)/SL2(pZ) generates SL2(Zp). Thus, assuming our p’s are suffi-
ciently large, we have K = Λ = Λ0.
Now, with S = {a, b, c}, Sp the image of S in SL2(Zp), and K and L as above, ap-
plying the theorem of Bourgain and Gamburd, we see that the family G(SL2(Zp), Sp)
forms a family of expanders. This, in turn, is well known to imply the spectral
gap property, of each of the actions (1) - (4) (with f, g the maps induced on L by
a, b ∈ SL2(Z)). Thus they all have the spectral gap property, hence are strongly
ergodic. Therefore the requirements (1) - (4) are satisfied.
Next let K1 = 〈c〉 < K. By [4] there is a cocycle φ0 : K1 → L such that the
corresponding Z-action on K1 × L given by
Tc(x, y) = (cx, φ0(x)y), x ∈ K1, y ∈ L,
is ergodic. Note that, as L is non-commutative this distal Z-action, is necessarily not
equicontinuous. Define φ : K → L by the formula
φ(x) = φ0(k
−1
t x) for x in the coset ktK1,
where t 7→ kt, K/K1 → K is a Borel section for the map K → K/K1.
On X × Y := K × L define an F3 action {Tt}t∈F3 : K × L→ K × L by:
Ta(x, y) = (ax, fy)
Tb(x, y) = (bx, gy)
Tc(x, y) = (cx, φ(x)y).
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With this data at hand we can now prove our main result:
0.2. Theorem. The T action of F3 on K × L is distal, not equicontinuous, and
strongly ergodic.
Proof. Clearly the T action onK×L is distal (of order 2). It can not be equicontinuous
because the restriction to the Z-action Tc : K1 × L → K1 × L is not equicontinuos.
Finally, by construction, the F2-action on K × L is strongly ergodic and, a fortiori,
so is the T -action. Our proof is complete. 
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